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Randomized Low-Discrepancy Sequences and Assessment
of Uniformity on Their Sequences

Shigeru KUSHIYAMA *

Abstract

Ordinary low-discrepancy sequences have some correlation between the points in higher di-
mensions. Because this leads to a large error on multi-dimensional integration, randomized
(scrambled) techniques are used widely in QMC (Quasi-Monte Carlo methods). QMC using

randomized sequences has improved drastically the calculation time for an expected value of

payoff.
In this paper, some randomized techniques on Halton sequence and Faure sequence are intro-

duced. Also, its efficiency is compared through L: star discrepancy.
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foparn) < mai(n) (10)

p1+1 =0 pi+1
i=

Xn =Sp

3.1 %RBWE
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75=(02413) m7=(081331151611071441221569)
77=(0351624) my=(09143176111157124188216105 13)
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3.2 Faurei®
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2 FaureDNEFIAL T VT X L
p=2;m =(01)
repeat
p=p+2
if p is even then
7 =(27T%,27c%+ 1)

else
N=Tp-1, k= p—1
add 1 to each element of 7 which is > &
7p =7 with £ added in the middle

end if

until all necessary permutation are found
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3.3 Reverseixd LUHongmei Chilc &k 3 75&
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flx)=wx+c (mod pi)
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51, LAY —F4 A7 LAYy —2igBe LT HREOUEL EEIIEKLZHDT,
K DORMST 4 27 Lo3v Y=ot (7) KL VfErh, Tomofins 7 7
(6) ROT(p)%EELTHIPNRTWAE, Wb, —f#{LS TV 72 VW unscrambling Halton
HRMST 4 A7 LSV o — X )3 Y ZVBETIO0LE TiE 74 A7 LXy v —=HvR&E <, 700
PRETIER s IS o TVB I ERGHDL. THICH LT &LT 2L, T 7 VREDK
XL BIZON, WFNROF 4 AZ LRV Y —BRMST A AZ LNy =X )/phSRD,
B S e — OB RPRD LN L. 72721, 51 8 AL T H B TH 5.

—%, M6 FAMOFEZ 2RI LT 2 HEERLAbDTH D, RILA/HT
L, SKRIEOBELYVSETDIr —ADTFA A2 LSy Y —PRELBBHAMIZY 7T MDD
LY TIUVEBEPIKREL o T FA AT VIR —=dRNEL D ENPGhb.
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L2 star-discrepancy for g=12
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PRI BOMRE LTI BT 72, Faure§ |07 ¥ 5 A4 ¥~ 3 VHHEEIC DV TR
ERCE

51 FE@\iREBHVW3HE (B)E)
B, (10) Xomo 7>y~ 4 EF & LT, BitRa 2 FMBET A L 2REL,
pi=q' (modp), 7272Li=123, 2 MAEXRLTEI V¥~ A XHEEERT M) v 2 R
(generator matrix) (Z/E2> 5% UC, —#&{tFaured| % KR OREIZ BV /27,

al" pi 0 0 O} q,

(1) :
al’ | _ pi 0 0l ai | (modp) for i=1 (11)
: 0
al| [sym. pi|\
al! pi 0 0 OJf1 1 1 ' a,
(1)
a;' _ bi _0 0o 1 2 a, (mod p) for i=>=2 (12)
~ 0flo 0 1 :
al sym. pill0 0 O a;

S

A BEIEP ICBE T B R A L ICEIRL, FOIFOHEIZOVTr R LT 2H 4T,
~P- IR AL~ p— 1OBDPERLRL RS VS A LEECTE 1 MBENLS.

%8, FIHREERIIY LTRE 1TEMD L, @EEEH Y, —BIEOHIEBROERIC
WS B, BB T5HEBICBVTIIRNDBEBRE#E L7,

p—t

5.2 Reverseit$H LUHongmei Chilc & 3 5%
Vandewoestyne and Coolsi3, Faure%!|1ZR8 L ‘TReversel: D % A TV 722\ 35, Halton¥l] &
FERDZE 2 CHEIZHEHTE 5.
—73, Hongmei Child 7 ¥ ¥~ 4 XIHL LT, Tezuka” DI-binomial scrambling = #& U 72k
DITHN 2 RFE L 720,
m 0 0

A0 —|& hr 0 - (13)
0 &

0 0

7272 L, HaltonFl[F#, Faure¥|Td BN Z LETHEZOFEEYHRLCB LY, RE
0LCEA T ABEIIDOWTDR, hi1 =28 g2=83THsE L TWVAES,
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6 —f%{bFaure®|® LB

ks (13) Ko7 LEXOHFHIC LY, DT TIEFERIIKI01 L L 72100k T D Faured |
DILBIIRET 5.

7% ERIGRTAEC, 7084 XENTOWARVEAIZIE, BL2ICBERICOHFIFIC
ZLVWHBEPEL TS, TRIIHLT, mfﬂ@—ﬁ’i{[ﬁf}éiﬂg%~ﬁi[§@ﬂi§§w%ﬁ§§§y)ron
2. B, TRHOFRIZ, RITLIT-BOHETH LY, RRRLEEZHEEVTIO—
AL TR DUEMEFBOONLE D DDORMINELHEENH o7z, 3HEOHTIE, HBiR
Hongmei Chi®) HiE1Z & BHERDRUF T o 7285, HINOFEIGAR % FIH T % J1EL & Reverseih &

TREFEDONEVEELH 7. ORI TIIFHBROBEN 2 BR T8 2 7201 5%/D
DEMAR 2 % VT WA, B LEEREFAVIHAICE ETOMERERLL 2L FHES
ns.

M8, LAY —FA4AZ LAYy —OMERBTHS., ARLS, 7Y F< A X% LD
Immﬂu%iﬁﬁ%w:aééb,@%Km&?4x7VNyv~;bk§w.%ﬂmﬁb
, —# L X N/zFaureH| D7 1 A 7 LN —FVTFRLRMSD ZFH & ) /NS VRS
ﬂt.tﬁt,H??%%ﬂtﬁ&B%ﬁ@%m?4x7VNVVwKM%AEﬁ%éﬂTB

5%, 75 2Hongmei ChiDHEIZ L BT A4 A7 LRV T —=hNEWIEITTH 5.
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L2 star-discrepancy for s=100
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